Appendix F

Trace precision

F.1 The problem

The trace value\; is computed by the FOX algorithm:

J
A= > e CA (F.1)
=1
This value is used to compute the quantity

A= Ny —Niy1)A™H (iy > i1) (F.2)

The exponentially decreasingf values causes, to quickly converge to a steady value for largeAs
time (i; andiy) increases, equatida2 multiples an exponentially increasing valué ) by an expo-
nentially decreasing difference,( — A\;;,_1). ThusA quickly loses precision and can cause numerical
errors in the FOX algorithm.

This appendix will quantify the amount of precision lost. The worst case precision loss is calculated,
so it will be assumed that = 1, and thati, = co andiy = j + 1 (with 5 > 1).

F.2 The scalar case

First the precision lost when computid.. — A;)9~U+ will be calculated, where

J
No= 9 <1 (F.3)
i=1
-1
Y

Now, A« and; have a similar magnitude becausg> 1, so the decimal precision lost in the difference
Ao — Aj Is (referring to figurer.1):

precision lost = ky — ko (F.6)
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Ldigit positions F decimal point
CITTTTT T T T TITIITITTT:

5362589842 — )\ (nonzero digits)

(5[36110 259 01 — ), (nonzero digits)
[ ——

Lost precision EE = A — A;j (nONzero digits)
(k1 — ko) F—“k |
|

Figure F.1: Calculating the precision lost in the difference oo — ;.

~  logip(Aso) —1ogip(Ase — Aj) (F.7)

= logjq <>\O:\O_O Aj) (F.8)

= log;q <L> (F.9)
Y9I+l

= —(J+1)log;p? (F.10)

J(—logyo9) (F.11)

When all of the difference’s precision has been lost, numerical error will dominate the result.

F.3 The matrix case

The matrixA can be decomposed into a diagonal maftriaf eigenvalues and a matriof eigenvectors
as follows:

A = SAST (F.12)
Thus
j .
A= > CA (F.13)
=1
j .
= Y C(SA'ST (F.14)
i=1
o
= CS|Y A s (F.15)
i=1
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9%
= CS - st (F.16)
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where?; . .. 9, are the eigenvalues of (they should all have magnitudi¢| < 1 for the FOX algorithm).

Each diagonal in the matrix is equivalent to an instance of equ&@nFrom this it is apparent that

the first diagonal element to lose precision will cause the entire valuk tuf lose precision. From
equationF.11this first element will be the one with the smallest (i.e. least magnitude) eigenvalue. Itis
curious that this smallest eigenvalue has the shortest lived effect on the eligibility profile, but the largest
effect on numerical accuracy.

F.4 Trace buffer size

LetJ, be the smallest (in magnitude) eigenvaluelofThe trace buffer size is selected from a parameter
p such that, at most, no more thamlecimal digits of precision are lost. From equatiohl

p = o(—logy¥s) (F.17)
SO
: _ p

maximumo = — (F.18)

logloﬁs

—p In10
= — F.19
In 94 ( )

The maximum eligibility decay (relative to its initial value) at the end of the trace buffer is (assuming
that all the eigenvalues are “close”#g) :

maximum decay = 997 (F.20)
= (10*10/0)” (F.21)

1
= 1w (F.22)

For example a good compromise is to sejeet 2 (two digits of precision lost and a maximum decay of
0.01). Then:

: —4.
maximumo = 605 (F.23)
In I

For reference, the IEEE single precision floating point data type has 7.2 decimal digits of precision (24
bits of mantissa) so the loss of two digits of precision is no problem.
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