Chain-rule propagation algorithms

B.1 Introduction?

Adaptive dynamic systems (dynamic systems which learn to change over time) may be implemented
using neural networks as the adaptive component. Such systems include adaptive process controllers
[86], adaptive filters, and multi-layer networks with output feedback connectit3®.[ This appendix

outlines some of the “traditional” gradient based training approaches for these systems, to contrast with
the other methods presented in this thesis.

In the neural network literature, training algorithms for such systems are generally of two types:
those which propagate derivative information forwards in time, and those which propagate it backwards.
These two types of algorithm are derived and analyzed for a simple prototype system. It is shown that
they are very closely related because they compute the same components of the gradient vector but in a
different order. The well known computational properties of each algorithm are then explained using a
simple matrix multiplication analogy. Extensions of the prototype to control systems are demonstrated.

A discrete-time prototype of such systems is shown in figgide At time ¢ in this figure, F; is the
“system function” (which incorporates the adaptive component), the vgetoontains the system state
variables, and the scalay is the time step cost. The vecter contains the parameters (or “weights”)
that are fed to the adaptive components offal{the vectorsw; are all equal towv). The goal of training

1This appendix is derived from the author’s paper in the Proceedings of the 1995 ANNES conféfefice [
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Figure B.1: A generic discrete-time adaptive dynamic system.
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(or adaption) is to adjust the weighésto minimize

E=Y ¢ (B.1)

=1

This prototype can represent many different learning problems by selecting thgpropriately. For
example,F; could represent a process and its controller at tirso that by minimizingtl we ensure
optimal process control. This is elaborated further in sedsigh

To train such systems using gradient based methegsmust calculate the gradient of the weight
vector with respect tdZ. Two commonly cited algorithms for computing this are backpropagation-
through-time (BPTT) and real-time-backpropagation (RTBP). BP94g, 95] finds the system states
forward in time and then propagates information backwards through time to find the gradient. RTBP
[130, 99 allows the gradient to be computed forward in time as the system states become known. RTBP
is known to be more computationally expensive than BPTT but it does not require a backwards-though-
time phase, so it can be performed on-fine

These two algorithms are equivalent in terms of what they compute, but because few authors derive
both for the same system (and because notation differs between authors) it is not always obvious that
they are interchangeable.

This appendix shows how both types of learning algorithm can be derived for the prototype systemin
figureB.1. In both derivations, application of the chain rule shows that information must be propagated
between adjacent time steps for the gradient to be computed. This can be done either forwards or back-
wards in time. Thus these algorithms are named forward propagation (FP) and backward propagation
(BP).

Concepts similar to1[2] are presented below, though in that paper RTBP and BPTT were related
using the inter-reciprocity of signal flow graphs. Here the application of matrix chain-rule techniques are
emphasized.

B.2 Derivation of FP and BP

B.2.1 Notation

Notational standards for writing vector derivatives vary widely between authors, so we must define our
own here. We define the derivative of vectofof sizen,) with respect to vectob (of sizen;) as the

matrix da/db (of sizen, x np), whose(i, j)th element isda;/db; (a; andb; are elements o and

b). The partial derivative matriva/ob is defined similarly. Note the following convention for partial
derivatives:0a/0b is calculated assuming that oriyvaries while all other quantities in ttdefinition

of a are held constant. The total derivatita/db assumes thatll of b’s influences om are accounted

for. For example, if

b

Fy =
a2 Fi(b,c), ¢ Fyb), D a (82)
Al

C

20f which gradient descent is the simplest.
3An on-line training algorithm is one in which the training process occurs during the operation of the system. On-line
algorithms tend to be simpler to implement.



B.2. DERIVATION OF FP AND BP 171

then
da o0Ja OJda dc
db_ 9b  dc db
It can be easily shown that the chain rule holds in the vectorial case, witbaweat it must be remem-
bered that matrix derivative quantities are not commutative, so that

Oda dc de Oa

(B.3)

9c db” db dc (B.4)
B.2.2 Forward propagation algorithm (FP)
The FP algorithm is now derived. Using the chain rule and the definitidnwe get:
dE LOE dg
dw ;é?ci'dw (B.5)
T
0 C; 0 C; d Y:
= : B.6
; (8 w + Ooy; d w) (8.6)

(Note thatoE'/0c; = 1). If the values ofy; andw are known (i.e. the system has reached at least time
stepi) then the quantitiedc; /0w anddc; /Jy; can be computed without any further information —
assuming of course that our knowledge of the funcipis sufficient. We can findy,; /dw if we know

the previously;_;/dw, using the chain rule:

dy: _Oyi 0yi dyi
dw Ow OJdy;.1 dw

Note thatdy; /dw = 0. Thus the FP algorithm is:

(B.7)

e Setdy;/dw = 0 anddE/dw = 0
e Fort=1...Tdo

— Calculatec; andy;11 usingF; (or measure these things, depending on the|sys-
tem).

— Calculatede; /dw and add it tal £/dw (using equation8.5-B.6).

— Calculatedy;. 1 /dw from the value ofly;/dw (using equatiorB.7).

B.2.3 Backward propagation algorithm (BP)

The BP algorithm is now derived. This timE~/dw is split up into different components from the FP
approach:

dE T
= (B.8)
dw ;
T 6(:1 dFE 8yi+1
= > - ) (B.9)
P 801 Ow dyiy1 Ow
T
_ Z 802 dFE .8}’7,4,_1) (BlO)
dyi+1 ow

S
I
—
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| Method | Time taken | Storage required
FP (’)(T nf/ nw) O (ny nw)
BP | O(T(n2+mnyna)) |  O(Tn,)

Table B.1: Efficiency of the FP and BP algorithms.

Note that the derivativd E/dw; assumes that only the weight vector into functiBnis varied while
all others are held constant. The quantit#/dy; can be calculated from the subsequéht/dy;1,
because ify; is varied then only subsequentandc values will change. Thus, using the chain rule again:

dE  0dg¢ dFE 0y
dy; 9y dyi1 0Oy
Note thatd £ /dyr+1 = 0. Thus the BP algorithm is:
e Fort=1...Tdo

(B.11)

— Calculate (or measurg). 1 andc;, usingF;.
° SetdE/dW =0 anddE/dyT+1 =0
e Fort=T...1do

— Calculated £ /dy; from dE/dy,; (using equatiorB.11).
— Calculated £/dw, and add it tal £ /dw (using equation8.8-B.10).

B.3 Efficiency of FP and BP

B.3.1 Space and time requirements

TableB.1 shows the ordérof the time and storage space requirements for the two algorithms.rkjere
andn,, are the sizes of thg; andw vectors respectively. The time values were determined assuming
that the “local” partial derivatives of each system functibn(i.e. dy;+1/0y:, Oyi+1/0w, dci /Oy,
dci/Ow) are relatively fast to compute. Thus in both cases the time taken is influenced most by the
matrix multiplications required by the chain rule.

The storage space values correspond to the amount of information which needs to be recorded about
the system for later use. In the FP algorithm this is the malyix/dw, in the BP algorithm this is the
system state; stored over all time.

FP is slower than BP by an approximate factor of

1 1
Ntime ~ — + — (812)
N Ny
For a large systefrthis means that FP can be significantly slower than BP. The storage space required
by FP is less than that of BP by a factor of

T

Nspace =~
1% N

(B.13)

“The “Big-Oh” notation used in this table just shows the dominant terms in the time and space expressions, for large systems.
%i.e. wheren, andn,, are large
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WhenT > n,, (for example when the system is being run for a long time with a small time step) FP
uses much less storage space than BP.

The advantage of BP is that it is fast. The advantages of FP are that it can use less storage space
than BP, and it can be implemented as an on-line algorithm (where learning occurs forward in time as the
system operates).

B.3.2 Why is FP slower than BP?

It has been shown above that FP is slower than BP, but the derivations of the algorithms do not make the
fundamental reason for this very clear.

Consider the simplified situatimwhere all thec; = 0 except forer. A closed form expression for
dFE/dw can be found by “unfolding” the BP algorithm over time. The result can be expressed in terms
of the local partial derivatives of each system bldGkas follows:

dFE dFE
= i B.14
dyi dyit1 Q (8.14)
dFE
= - QraQro-QinQ)] (B.15)
dyr
0
= T {QTleT72 e QiJrle} (B.16)
dyr
WhereQi = 8yi+1/8yi, and
dE der <~ dE
e _ P, B.17
dw 8w+;dyi+1 +l ( )
0 cr 0 cT
= S+ L Qr o QsQoPr + Qror e QuQuPy
ow  O0yr

+Qr_1Pr_1 + PT] (B.18)

whereP; = dy,;/0w. The FP algorithm can also be unfolded in this way to yield the same expression.
The difference between the two algorithms is the order in which the terms of the form

aCT
oyr

Qr-1-Qi+1QiP; (B.19)

are constructed. In the FP algorithm these terms are built up right-to-left because the values earliest in
time are on the right. Thus the intermediate products have the form

QrQr-1--Qi1Q:P; (k> 1) (B.20)

wherek is the “iteration step”. This quantity isia, x n,, matrix, so pre-multiplying it byQ; requires
(’)(nf/ ny) time. In the BP algorithm these terms are built up left-to-right, so the intermediate products
have the form

OCT

TQTA < Qrr1Qu (k<T) (B.21)
yr

5This simplification is made to keep the equations manageable—it does not affect the resuilt.
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Figure B.2: A system function for a stateless controller.

FP

dyit1 _ (3}’i+1 N Oyit1 5X7;> dyi | Oy 0%
6yi aXi Gyi dw aXi aW

dw

dCZ' (8@ 8Xi aci>dyi 801' 6xi

dw 8X,-'8y7;+8y¢ dw+8xi.0w

BP
dE_ 001» dFE (dyi+1+8yi+1 8X1>
dy; 9dyi dyia \ dyi Ix; Oy

dFE - <8Cz dFE 8yi+1> 8xi
A\ 0x; dy,-1 0x; /0w

dWi

Table B.2 FP and BP propagation equations for a control system.

This quantity is al x n, matrix, so post-multiplying it byQ_1 requires(’)(ni) time, and the final
post-multiplication byP; requiresO(n, n,,) time.

Thus FP is slower than BP because a much larger amount of information needs to be propagated
from step to step (FP and BP propagatex n,, and1 x n, matrices respectively between time steps).
This happens (in the above example) because in FP the valig-8dyr is not known until the end of
the training process and so a large amount of information must be carried through time to allow for its
unknown value.

B.4 Control system extension to the prototype

To solve a particular learning problem, the functidfsn the prototype must be specified in more detail.
FigureB.2 shows an example of this for a stateless controller. Heigthe discrete transfer function of
the process or plant, andlis the adaptive controller which produces the control ouputd is adapted
via the weight vectow. The cost functior’’ can be designed so that the minimum total cost corresponds
to optimal system control in some sense.

It is relatively easy to derive the propagation equations to use in the FP and BP algorithms. For
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reference these equations are shown in t8fe In these equations, terms of the form

Ok 0x; and 0k 0x;
ox; 0y 0x; Ow

(wherek is some vector or scalar) imply backpropagation operations in the contrbllee. we are

trying to find an input gradieno/dy; or Ok/0w) given an output gradientg/0x;). If A is a feed-

forward neural network (such as a multi-layer perceptron) then these backpropagation operations can be
computed using the standard neural network backpropagation equations. Note that doing this is usually
faster (and uses less storage) than computing all the elemeits @fy; or 0x; /0w and performing the

matrix multiplication.
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